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Problem 1
Answer:

(E)

Solution 1
Note that there is more than 1 four-legged table. So there are at least 2 four-legged tables. Since
there are 23 legs in total, there must be fewer than 6 four-legged tables, which have
6 × 4 = 24

legs. Thus, there are between 2 and 5 four-legged tables.
If there are 2 four-legged tables, then these tables account for

legs, leaving

2×4= 8
23 − 8 = 15

legs for the three-legged tables, which implies that there are 5 three-legged tables.
(We can check that if there are 3 or 4 four-legged tables, then the number of remaining legs is
not divisible by 3, and if there are 5 four-legged tables, then there is only 1 three-legged table,
which is not allowed.)

Solution 2
Since there is more than 1 table of each type, then there are at least 2 three-legged tables and
2 four-legged tables. These tables account for

legs.

2(3) + 2(4) = 14

There are
23 − 14 = 9
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more legs that need to be accounted for. These must come from a combination of three-legged
and four-legged tables. The only way to make 9 from 3s and 4s is to use three 3s.
Therefore, there are
2+3=5

three-legged tables and 2 four-legged tables.

Problem 2
Answer:

(C)

Traveling at a constant speed of 10 miles per hour, in 4 hours the bicycle will travel
9 × 4 = 36

miles.

At the start, the bicycle was 200 miles ahead of the car.
Therefore, in order to catch up to the bicycle, the car must travel 200 miles plus the additional
36 miles that the bicycle travels, or
200 + 36 = 236

miles.

To do this in 4 hours, the car must travel at an average speed of

miles per hour.

236
= 59
4

Problem 3
Answer:

(E)

Solution 1
The total area of the rectangle is
3 × 4 = 12.

The unshaded region is a triangle with base 1 and height 4, and its area is

https://ivyleaguecenter.wordpress.com/
Tel: 301-922-9508
Email: chiefmathtutor@gmail.com

Copyrighted Material
Page 2

Unauthorized copying or reuse of any part of this page is illegal!

1×4
= 2.
2

The total area of the shaded regions equals the total area of the rectangle minus the area of the
unshaded region:
12 − 2 = 10.

Solution 2

The shaded triangle on the left has base of length 2 and height of length 4, so has an area of
2×4
= 4.
2

The shaded triangle on the right has base of length 3 (at the top) and height of length 4, so has an
area of
3×4
= 6.
2
Therefore, the total area of the shaded regions is
4 + 6 = 10.

Problem 4
Answer:

(D)

Note that
𝑎 ∙ 𝑏 + 𝑏 ∙ 𝑐 + 𝑑 ∙ 𝑏 = 𝑏(𝑎 + 𝑐 + 𝑑).

Thus, to make 𝑏(𝑎 + 𝑐 + 𝑑) as large as possible, we choose 𝑏 = 5, the largest value possible.
Hence, the maximum possible value of 𝑏(𝑎 + 𝑐 + 𝑑) is

5(2 + 3 + 4) = 45.

Problem 5
Answer:

(B)

The ratio of boys to girls at Einstein High School is 3 : 2, so
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of the students are boys. Thus, there are
3
× 400 = 240
5

boys at Einstein H.S.

The ratio of boys to girls at Edison High School is 2 : 3, so

of the students are boys. Thus, there are

2
2
=
3+2 5

2
× 600 = 240
5

boys at Edison High School.
There are

students in total at the two schools.

400 + 600 = 1000

Of these,
240 + 240 = 480

are boys, and so the remaining

1000 − 480 = 520

students are girls.

Therefore, the overall ratio of boys to girls is
480 ∶ 520 = 48 ∶ 52 = 12 ∶ 13.

Problem 6
Answer:

(C)

Solution 1
Since the sale price has been reduced by 20%, then the sale price of $112 is 80% or
regular price. Thus, the regular price is
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If the regular price is reduced by 30%, the new sale price would be 70% of the regular price, or
70% × $140 = $98.
Solution 2
Let 𝑥 be the original price, in dollars. Since the price has been reduced by 20%, the sale price is
80% of the original price. So

80%𝑥 = 112.

Solving for 𝑥 gives:

𝑥 = 140.

If it were on sale for 30% off, then the price would be 70% of the original price:
70%𝑥 = 70% × 140 = 98.

Problem 7
Answer:

(A)

Note that 1 ≤ 𝑥 ≤ 7.

If 𝑥 = 7, then 𝑦 2 = 1, so 𝑦 = 1.

If 𝑥 = 6, then 𝑦 2 = 14, which is not possible since 𝑦 is an integer.
If 𝑥 = 5, then 𝑦 2 = 25, so 𝑦 = 5.

If 𝑥 = 4, then 𝑦 2 = 34, which is not possible.

If 𝑥 = 3, then 𝑦 2 = 41, which is not possible.

If 𝑥 = 2, then 𝑦 2 = 46, which is not possible.
If 𝑥 = 1, then 𝑦 2 = 49, so 𝑦 = 7.

Therefore, there are 3 pairs (𝑥, 𝑦) that satisfy the equation, namely
(7, 1), (5, 5), (1, 7).

Problem 8
Answer:

(B)
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Note that the sum of two even numbers is even, the sum of two odd numbers is even, and the
sum of an odd number and an even number is odd. Thus, for the sum 𝑎 + 𝑏 to be even, both 𝑎

and 𝑏 must be even, or they must both be odd.

If both 𝑎 and 𝑏 must be even, then the number of different ordered pairs is equal to the number
of combinations of two elements out of the set {2, 4, 6, ⋯ , 30}, which is
15
( ) = 105.
2

If both 𝑎 and 𝑏 must be odd, then the number of different ordered pairs is equal to the number of
combinations of two elements out of the set {1, 3, 5, ⋯ , 29}, which is
15
( ) = 105.
2

So the total number of different ordered pairs (𝑎, 𝑏) is equal to
105 + 105 = 210.

Problem 9
Answer:

(C)

Solution 1
Let
𝑥1 , 𝑥2 , 𝑥3 , ⋯ , 𝑥2017 , 𝑥2018

be the sequence. Then

𝑥1 + 𝑥2 + 𝑥3 + ⋯ + 𝑥2018 = 5311.

Let 𝑆 and 𝑇 denote, respectively, the sums of the odd-numbered terms and even-numbered terms

in the sequence. That is,

Then

𝑆 = 𝑥1 + 𝑥3 + 𝑥5 + ⋯ , 𝑥2017 ,

𝑆 + 𝑇 = 5311.

Since

we have:

𝑇 = 𝑥2 + 𝑥4 + 𝑥6 + ⋯ , 𝑥2018 .

𝑥2 − 𝑥1 = 𝑥4 − 𝑥3 = ⋯ = 𝑥2018 − 𝑥2017 = 1,

https://ivyleaguecenter.wordpress.com/
Tel: 301-922-9508
Email: chiefmathtutor@gmail.com

Copyrighted Material
Page 6

Unauthorized copying or reuse of any part of this page is illegal!

𝑇 − 𝑆 = 1009.

Solving the above two equation simultaneously gives:

Hence, the required sum is 2151.

𝑆 = 2151.

Solution 2
Let 𝑎 be the first term of the sequence, and 𝑋 be the sum of all odd-numbered terms.

Note that the sequence is arithmetic with common difference 𝑑 = 1. The sum of the terms of the
sequence is

𝑎 + (𝑎 + 2017)
∙ 2018 = 5311.
2

Thus,

5311
𝑎 + (𝑎 + 2017)
∙ 1009 =
.
2
2

Since all odd-numbered terms consists of a 1009-term arithmetic sequence with the first term 𝑎
and common difference 𝑑 = 2, the sum of all odd-numbered terms is:
𝑋=

𝑎 + (𝑎 + 2016)
𝑎 + (𝑎 + 1008 ∙ 2)
∙ 1009 =
∙ 1009
2
2
𝑎 + (𝑎 + 2017)
1009
=
∙ 1009 −
2
2
5311 1009
=
−
= 2051.
2
2

Problem 10
Answer:

(C)

Since Alex needs 12 hours to shovel all of his snow, he shovels

1

12

Since Bob needs 8 hours to shovel all of Alex's snow, he shovels
Similarly, Carl shovels

1
6

1
8

of his snow per hour.
of Alex's snow per hour.

of Alex's snow every hour, and Dick shovels
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Together, Alex, Bob, Carl, and Dick can shovel

of Alex's snow per hour.

1 1 1 1 15
+ + + =
12 8 6 4 24

Therefore, together they can shovel

of Alex's snow per minute.
Thus, by shoveling
in 96 minutes.

1

96

15
24 = 1
60 96

of Alex's snow per minute, together they will shovel all of Alex's snow

Problem 11
Answer:

(B)

Note that the product of two positive numbers having a given sum is at a maximum when the two
numbers equal. The maximum product of two positive integers with a fixed sum occurs when the
integers are as equal as possible.
Therefore, when 𝑎 = 15 and 𝑏 = 16, 𝑎𝑏 achieves its maximum value:
15 × 16 = 240.

Problem 12
Answer:

(C)

Label the square as 𝐴𝐵𝐶𝐷.

Suppose that the point 𝑃 is 1 unit from side 𝐴𝐵. Then 𝑃 lies on a line segment 𝐸𝐹 that is 1 unit

below side 𝐴𝐵.

Note that if 𝑃 lies on 𝐸𝐹, then it is automatically 4 units from side 𝐷𝐶.

Since 𝑃 must be 2 units from either side 𝐴𝐷 or side 𝐵𝐶, then there are 2 possible locations for 𝑃

on this line segment.
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Note that in either case, 𝑃 is 3 units from the fourth side, so the four distances are 1, 2, 3, 4
as required.

We can repeat the process with 𝑃 being 2, 3, or 4 units away from side 𝐴𝐵. In each case, there
will be 2 possible locations for 𝑃.

Overall, there are

4×2= 8

possible locations for 𝑃. These 8 locations are all different, since there are 2 different points on

each of 4 parallel lines.

Problem 13
Answer:

(E)

Together, Hose X and Hose Y fill the pool in 10 hours.
Thus, it must take Hose X more than 6 hours to fill the pool when used by itself.
Therefore, 𝑥 ≥ 11, since 𝑥 is a positive integer.

Similarly, it must take Hose Y more than 10 hours to fill the pool when used by itself.
Therefore, 𝑦 ≥ 11, since 𝑦 is a positive integer.

When used by itself, the fraction of the pool that Hose X fills in 10 hours is
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When used by itself, the fraction of the pool that Hose Y fills in 10 hours is

10
.
𝑦

When used together, Hose X and Hose Y fill the pool once in 10 hours. Thus,
10 10
+
= 1,
𝑥
𝑦

which is equivalent to

𝑥𝑦 − 10𝑥 − 10𝑦 = 0.

Completing the rectangle gives:

(𝑥 − 10)(𝑦 − 10) = 100.

Note that the prime factorization of 100 is

100 = 22 ∙ 52 .

Thus, 100 has

(2 + 1)(2 + 1) = 9

distinct factors.

Correspondingly, (𝑥 − 10, 𝑦 − 10) has 9 positive solutions. Hence, there are only 9 different
possible values for 𝑦.

In fact, 9 positive solutions are:
(𝑥 − 10, 𝑦 − 10)

That is,

= (1, 100), (2, 50), (4, 25), (5, 20), (10, 10), (20, 5), (25, 4), (50, 2), (100, 1).
(𝑥, 𝑦) = (10, 110), (12, 60), (14, 35), (15, 30),

(20, 20), (30, 15), (35, 14), (60, 12), (110, 10).

Problem 14
Answer:

(B)

Let 𝐴 and 𝐵 be the points of intersection of the two circles, and point 𝑂 be the center of the left
circle, as shown below.
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Chord 𝐴𝐵, by symmetry divides the shaded area in half. Construct radii 𝑂𝐴 and 𝑂𝐵 with
𝑂𝐴 = 𝑂𝐵 = 5.

Since each circle contains 25% or

Thus, the area of sector 𝐴𝑂𝐵 is

1
4

1
4

of the other circle's circumference, we have:
∠𝐴𝑂𝐵 =

1
∙ 360° = 90°.
4

of the area of the entire circle, or

The area of ∆𝐴𝑂𝐵 is

1
∙ 𝜋 ∙ 22 = 𝜋.
4

𝑂𝐴 ∙ 𝑂𝐵 2 ∙ 2
=
= 2.
2
2

Note that the area remaining after ∆𝐴𝑂𝐵 is subtracted from sector 𝐴𝑂𝐵 is equal to half of the
shaded area. Thus, the shaded area is

2(𝜋 − 2) = 2𝜋 − 4.

Problem 15
Answer:

(D)

Let 𝑦 and 𝑧 denote the numbers in the empty boxes.
Then the numbers in the boxes are thus

https://ivyleaguecenter.wordpress.com/
Tel: 301-922-9508
Email: chiefmathtutor@gmail.com

Copyrighted Material
Page 11

Unauthorized copying or reuse of any part of this page is illegal!

Since the average of 𝑥 and 𝑦 is 26, then

𝑥, 26, 𝑦, 𝑧, 8.

𝑥 + 𝑦 = 2 × 26 = 52

or

𝑦 = 52 − 𝑥.

We rewrite the list as

𝑥, 26, 52 − 𝑥, 𝑧, 8.

Since the average of 26 and 𝑧 is 52 − 𝑥, then

26 + 𝑧 = 2(52 − 𝑥)

or

𝑧 = 78 − 2𝑥.

We rewrite the list as

𝑥, 26, 52 − 𝑥, 78 − 2𝑥, 8.
Since the average of 8 and 52 − 𝑥 is 78 − 2𝑥, then
Solving for 𝑥 gives:

8 + (52 − 𝑥) = 2(78 − 2𝑥).
𝑥 = 32.

Problem 16
Answer:

(D)

Solution 1
Label the vertices of the new figure as shown below.
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When the paper is folded in this way, the portion of the original bottom face of the paper that is
visible has the same area as the original portion of the top side of the paper to the right of the
fold. This is quadrilateral 𝐶𝐷𝐸𝐹.

Of the portion of the original sheet to the left of the fold, the part, which is hidden and thus not
included in the area of the new figure, is the triangular portion under the folded part. This is the
section under ∆𝐶𝐷𝐺, which is an isosceles right triangle with side lengths of 8. The hidden
triangle is congruent to ∆𝐶𝐷𝐺.

Thus, the area of the portion of the original top face of the paper that is visible is the area to the
left of the fold, minus the area of the hidden triangle.
Therefore, the area of the new figure equals the area of the original rectangle minus the area of
∆𝐶𝐷𝐺:

17 × 8 −

8×8
= 104.
2

Solution 2
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Let 𝐵𝐶 = 𝑥. Since

𝐵𝐶 + 𝐶𝐺 + 𝐺𝐹 = 17,

we have

𝐺𝐹 = 17 − 𝐵𝐶 − 𝐶𝐺 = 17 − 𝑥 − 8 = 9 − 𝑥.

Note that ∆𝐶𝐷𝐺 is a right triangle with base and height both equal to 8. So the area of the new
figure is equal to:

Area(Rectangle 𝐴𝐵𝐶𝐺) + Area(∆𝐶𝐷𝐺 ) + Area(Rectangle 𝐺𝐷𝐸𝐹)
= 8𝑥 +

8×8
+ 8(9 − 𝑥) = 104.
2

Problem 17
Answer:

(A)

We are given that the first two terms of a 10 term sequence are 1 and 𝑥.

Since each term after the second is the sum of the previous two terms, then the third term
is
1 + 𝑥.

Since the fourth term is the sum of the second and third terms, then the fourth term
is
𝑥 + (1 + 𝑥) = 1 + 2𝑥.

Continuing in this manner, we construct the 10 term sequence:
1, 𝑥, 1 + 𝑥, 1 + 2𝑥, 2 + 3𝑥, 3 + 5𝑥, 5 + 8𝑥, 8 + 13𝑥, 13 + 21𝑥, 21 + 34𝑥.

Each of the second through tenth terms is dependent on the value of 𝑥, and thus, any one of these
terms could potentially equal 63.

For the second term to equal 63, we need 𝑥 = 63, which is possible since the only requirement

is that x is a positive integer.

Thus, if 𝑥 = 63 then 63 appears as the second term in the sequence.

For the third term to equal 63, we need 1 + 𝑥 = 63, or 𝑥 = 62. Thus, if 𝑥 = 62 then 63 appears

as the third term in the sequence.

We continue in this manner and summarize all the results in the table below.
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Term

Expression

Equation

𝑥

𝑥 = 63

2nd

1+𝑥

3rd
4th

6th

1 + 2𝑥 = 63

3 + 5𝑥

3 + 5𝑥 = 63

5 + 8𝑥

7th

8 + 13𝑥

8th
9th
10th

13 + 21𝑥
21 + 34𝑥

Is 𝑥 an integer?

𝑥 = 62

Yes

61
3

No

1 + 𝑥 = 63

1 + 2𝑥
2 + 3𝑥

5th

Value of 𝑥

2 + 3𝑥 = 63
5 + 8𝑥 = 63

8 + 13𝑥 = 63

13 + 21𝑥 = 63
21 + 34𝑥 = 63

𝑥 = 63

Yes

𝑥 = 31

Yes

𝑥 = 12

Yes

𝑥=

58
8
55
𝑥=
13
50
𝑥=
21
42
𝑥=
34
𝑥=

No
No
No
No

Therefore, the number of all the possible values of 𝑥 for which 63 appears in the sequence is 4.

Problem 18
Answer:

(C)

Since 𝑀 ∙ 𝑂 ∙ 𝑀 = 49, either 𝑀 = 7 and 𝑂 = 1 or 𝑀 = 1 and 𝑂 = 49.

However, since the value of the word 𝑇𝑂𝑇𝐸 is 18, 𝑂 cannot have a value of 49 because 18 is

not divisible by 49. Thus,

𝑀 = 7 and 𝑂 = 1.

Since 𝑇 ∙ 𝑂 ∙ 𝑇 ∙ 𝐸 = 18 and 𝑂 = 1, we have 𝑇 ∙ 𝑇 ∙ 𝐸 = 18. Thus, either 𝑇 = 3 and 𝐸 = 2 or

𝑇 = 1 and 𝐸 = 18.

However, 𝑂 = 1, and since every letter has a different value, 𝑇 cannot be equal to 1. Thus,
𝑇 = 3 and 𝐸 = 2.

The value of the word 𝑇𝐸𝐴𝑀 is 168, so 𝑇 ∙ 𝐸 ∙ 𝐴 ∙ 𝑀 = 168, or
https://ivyleaguecenter.wordpress.com/
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3 ∙ 2 ∙ 𝐴 ∙ 7 = 168,

which implies that 𝐴 = 4.

The value of the word 𝐻𝑂𝑀𝐸 is 70, so 𝐻 ∙ 𝑂 ∙ 𝑀 ∙ 𝐸 = 70, or
𝐻 ∙ 1 ∙ 7 ∙ 2 = 70,

which implies that 𝐻 = 5.

Finally, the value of the word 𝑀𝐴𝑇𝐻 is

𝑀 ∙ 𝐴 ∙ 𝑇 ∙ 𝐻 = 7 ∙ 4 ∙ 3 ∙ 5 = 420.

Problem 19
Answer:

(D)

Note that ∆𝑆𝐽𝑃 is a 3-4-5 right triangle with legs of 39 and 52. So the hypotenuse length is
𝑆𝑃 = 5 × 13 = 65.

Thus, 𝑃𝑄 = 65. It follows that ∆𝑄𝐾𝑃 is a 5-12-13 right triangle with a leg of 5 × 5 and a
hypotenuse of 15 × 5. So the other leg of ∆𝑄𝐾𝑃 is

𝑃𝐾 = 5 × 12 = 60.

By symmetry,

𝑋𝑄 = 𝐽𝑃 = 39.

Thus,

On the other hand,

𝑊𝑋 = 𝑃𝐾 − 𝑋𝑄 = 60 − 39 = 21.
𝑊𝑍 = 𝐽𝑆 − 𝐾𝑄 = 52 − 25 = 27.

Hence, the perimeter of rectangle 𝑊𝑋𝑌𝑍 is

2(𝑊𝑋 + 𝑊𝑍) = 2(21 + 27) = 96.

Problem 20
Answer:

(B)

Note that
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(1 + √3)
1 + 2√3 + 3
𝑥2 =
=
=
= 2 + √3,
3−1
2
√3 − 1
1 + √3

𝑥3 =

1 + √3(2 + √3)
√3 − (2 + √3)

𝑥4 =

𝑥5 =
𝑥6 =

1 + √3(−2 − √3)
√3 − (−2 − √3)

1 + √3(−1)
√3 − (−1)

= −1,

= −2 + √3,

1 + √3(−2 + √3)
√3 − (−2 + √3)

𝑥7 =

So we have

= −2 − √3,

= 2 − √3,

1 + √3(2 − √3)
√3 − (2 − √3)

= 1.

𝑥𝑘+6 = 𝑥𝑘

for all positive integers 𝑛, i.e., the sequence is periodic with period 6. Since
2017 ≡ 1(mod 6),

we obtain

𝑥2017 = 𝑥1 = 1.

Problem 21
Answer:

(A)

First, note that the prime factorization of 2010 is:

and so

2010 = 2 ∙ 3 ∙ 5 ∙ 67.

20102 = 22 ∙ 32 ∙ 52 ∙ 672 .
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Consider 𝑁 consecutive four-digit positive integers.

For the product of these 𝑁 integers to be divisible by 20102 , it must be the case that two

different integers are divisible by 67 (which would mean that there are at least 68 integers in the
list) or one of the integers is divisible by 672 .

Since we have to minimize 𝑁 (and indeed because none of the answer choices is at least 68), we
look for a list of integers in which one is divisible by 672 = 4489.

Since the integers must all be four-digit integers, then the only multiples of 4489 the we must
consider are 4489 and 8978.
Now we consider a list of 𝑁 consecutive integers including 4489.

Since the product of these integers must have 2 factors of 5 and no single integer within 10 of
4489 has a factor of 25, then the list must include two integers that are multiples of 5. To
minimize the number of integers in the list, we try to include 4485 and 4490.
Thus, our candidate list is
4485, 4486, 4487, 4488, 4489, 4490.

The product of these integers includes 2 factors of 67 (in 4489), 2 factors of 5 (in 4485 and 4490),
2 factors of 2 (in 4486 and 4488), and 2 factors of 3 (since each of 4485 and 4488 is divisible by
3). Thus, the product of these 6 integers is divisible by 20102 .

Therefore, the shortest possible list including 4489 has length 6.
Next, we consider a list of 𝑁 consecutive integers including 8978.

Here, there is a nearby integer containing 2 factors of 5, namely 8975.
So we start with the list
8975, 8976, 8977, 8978

and check to see if it has the required property.

The product of these integers includes 2 factors of 67 (in 8978), 2 factors of 5 (in 8975), and 2
factors of 2 (in 8976). However, the only integer in this list divisible by 3 is 8976, which has
only 1 factor of 3.
To include a second factor of 3, we must include a second multiple of 3 in the list. Thus, we
extend the list by one number to 8979.
Therefore, the product of the numbers in the list
https://ivyleaguecenter.wordpress.com/
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8975, 8976, 8977, 8978, 8979

is a multiple of 20102 . The length of this list is 5. Thus, the smallest possible value of 𝑁 is 5.

(Note that a quick way to test if an integer is divisible by 3 is to add its digit and see if this total
is divisible by 3. For example, the sum of the digits of 8979 is 33, since 33 is a multiple of 3,
then 8979 is a multiple of 3.)

Problem 22
Answer:

(B)

We label the six teams 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹.
We start by considering team 𝐴.

Team 𝐴 plays 3 games, so we must choose 3 of the remaining 5 teams for 𝐴 to play. As we saw
above, there are

ways to do this.

5
( ) = 10
3

Without loss of generality, we pick one of these sets of 3 teams for 𝐴 to play, say 𝐴 plays 𝐵, 𝐶,

and 𝐷.

We keep track of everything by drawing diagrams, joining the teams that play each other with
a line. Thus, we have

There are two possible cases now --- either none of 𝐵, 𝐶, and 𝐷 play each other, or at least one

pair of 𝐵, 𝐶, 𝐷 plays each other.
Case 1:

None of the teams that play A play each other
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In the configuration above, each of 𝐵, 𝐶, and 𝐷 play two more games. They already play 𝐴 and

cannot play each other, so they must each play 𝐸 and 𝐹.
This gives

No further choices are possible.
There are 10 possible schedules in this type of configuration. These 10 combinations come from
choosing the 3 teams that play 𝐴.

Case 2:

Some of the teams that play A play each other

Here, at least one pair of the teams that play 𝐴 play each other.

Given the teams 𝐵, 𝐶, and 𝐷 playing 𝐴, there are 3 possible pairs: 𝐵𝐶, 𝐵𝐷, 𝐶𝐷.
We pick one of these pairs, say 𝐵𝐶. This gives

configurations so far.

10 × 3 = 30

It is now not possible for 𝐵 or 𝐶 to also play 𝐷. If it was the case that 𝐶, say, played 𝐷, then we

would have the configuration
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Here, 𝐴 and 𝐶 have each played 3 games and 𝐵 and 𝐷 have each played 2 games. Teams 𝐸 and

𝐹 are unaccounted for thus far. They cannot both play 3 games in this configuration as the
possible opponents for 𝐸 are 𝐵, 𝐷, and 𝐹, and the possible opponents for 𝐹 are 𝐵, 𝐷, and 𝐸, with
the "𝐵" and "𝐷" possibilities only to be used once.
A similar argument shows that 𝐵 cannot play 𝐷.

Thus, 𝐵 or 𝐶 cannot also play 𝐷. So we have the configuration

Here, 𝐴 has played 3 games, 𝐵 and 𝐶 have each played 2 games, and 𝐷 has played 1 game. 𝐵
and 𝐶 must play 1 more game and cannot play 𝐷 or 𝐴.

They must play 𝐸 and 𝐹 in some order. There are 2 possible ways to assign these games: 𝐵𝐸 and
𝐶𝐹, or 𝐵𝐹 and 𝐶𝐸. This gives

configurations so far.

30 × 2 = 60

Next, suppose that 𝐵 plays 𝐸 and 𝐶 plays 𝐹.
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So far, 𝐴, 𝐵, and 𝐶 each play 3 games and 𝐸, 𝐹, and 𝐷 each play 1 game. The only way to
complete the configuration is to join 𝐷, 𝐸, and 𝐹.

Therefore, there are 60 possible schedules in this case.
In total, there are

possible schedules.

10 + 60 = 70

Problem 23
Answer:

(B)

Since 𝑃𝑄𝑅𝑆 is rectangular, then

∠𝑆𝑅𝑄 = ∠𝑆𝑃𝑄 = 90o .

Also, 𝑆𝑅 = 𝑃𝑄 = 20 and 𝑆𝑃 = 𝑄𝑅 = 15.
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Note that ∆𝑄𝑃𝑆 and ∆𝑄𝑅𝑆 are two congruent 3-4-5 right triangles with legs of 15 and 20. So the
hypotenuse length is

𝑆𝑄 = 25.

Draw perpendiculars from 𝑃 and 𝑅 to 𝑋 and 𝑌, respectively, on 𝑆𝑄. Also, join 𝑅 to 𝑋.

By the AA similarity postulate, right ∆𝑃𝑋𝑆 is similar to right ∆𝑄𝑃𝑆 because they share ∠𝑆. So

∆𝑃𝑋𝑆 is also a 3-4-5 right triangle with hypotenuse of 15, and thus,
𝑆𝑋 ∶ 𝑃𝑋 ∶ 15 = 3 ∶ 4 ∶ 5,

which implies that

Similarly, we have:

𝑆𝑋 = 9,

𝑃𝑋 = 12.

Thus,

𝑄𝑌 = 9,

𝑅𝑌 = 12.

𝑋𝑌 = 𝑆𝑄 − 𝑆𝑋 − 𝑄𝑌 = 25 − 9 − 9 = 7.

Using the 3-D Pythagorean Theorem, we obtain:

𝑃𝑅 = √𝑃𝑋 2 + 𝑋𝑌 2 + 𝑅𝑌 2

= √122 + 72 + 122 = √337.
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Problem 24
Answer:

(E)

Solution 1
Alan gives 24 bars that account for 45% of the total weight to Bob. Thus, each of these 24 bars
accounts for an average of
45% 15
=
%
24
8

of the total weight.

Alan gives 13 bars that account for 26% of the total weight to Carl. Thus, each of these 13 bars
accounts for an average of
26%
= 2%
13

of the total weight.

Note that the bars given to Dale account for

of the total weight.

100% − 45% − 26% = 29%

Let 𝑥 be the number of bars that Dale received. Then each of these 𝑥 bars accounts for an
average of

of the total weight.

29% 29
=
%
𝑥
𝑥

Since each of the bars that she gives to Dale is heavier than each of the bars given to Bob (which
were the 24 lightest bars) and is lighter than each of the bars given to Carl (which were the 13
heaviest bars), then the average weight of the bars given to Dale must be larger than
smaller than 2%. Thus,

or

https://ivyleaguecenter.wordpress.com/
Tel: 301-922-9508
Email: chiefmathtutor@gmail.com

15
% and
8

15
29
%≤
% ≤ 2%,
8
𝑥

Copyrighted Material
Page 24

Unauthorized copying or reuse of any part of this page is illegal!

29
1
232
7
= 14 ≤ 𝑥 ≤
= 15
2
2
15
15
Hence, there is only one solution:
𝑥 = 15.
Solution 2
Without loss of generality, assume that the total weight of all of the bars is 100. Then the bars
given to Bob weigh 45 and the bars given to Carl weigh 26.
Suppose that Alan gives 𝑛 bars to Dale. These bars weigh

100 − 45 − 26 = 29.

Let

𝑏1 < 𝑏2 < ⋯ < 𝑏24

be the weights of the 24 bars given to Bob.
Let

𝑐1 < 𝑐2 < ⋯ < 𝑐13

be the weights of the 13 bars given to Carl.
Let

𝑑1 < 𝑑2 < ⋯ < 𝑑𝑛

be the weights of the 𝑛 bars given to Dale.
Note that

𝑏1 < 𝑏2 < ⋯ < 𝑏24 < 𝑐1 < 𝑐2 < ⋯ < 𝑐13 < 𝑑1 < 𝑑2 < ⋯ < 𝑑𝑛

since the lightest bars are given to Bob and the heaviest to Carl.
Also,
𝑏1 + 𝑏2 + ⋯ + 𝑏24 = 45,
𝑐1 + 𝑐2 + ⋯ + 𝑐13 = 29,

𝑑1 + 𝑑2 + ⋯ + 𝑑𝑛 = 26.

Now 𝑏24 is the heaviest of the bars given to Bob, so

45 = 𝑏1 + 𝑏2 + ⋯ + 𝑏24 < 24𝑏24
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and so
𝑏24 >

45 15
= .
24
8

Also, 𝑑1 is the lightest of the bars given to Carl, so

26 = 𝑑1 + 𝑑2 + ⋯ + 𝑑𝑛 > 13𝑑1 .

and so

𝑑1 < 2.

But each of the 𝑛 bars given to Dale is heavier than 𝑏24 and each is lighter than 𝑑1 . Thus,
𝑛𝑏24 < 𝑐1 + 𝑐2 + ⋯ + 𝑐13 < 𝑛𝑑1 ,

or

𝑛𝑏24 < 29 < 𝑛𝑑1 .

It follows that

15
𝑛 < 𝑛𝑏24 < 29 < 𝑛𝑑1 < 2𝑛,
8

and so

𝑛 < 29 ∙

and

232
7
8
=
= 15 ,
15
15
15

𝑛>

1
29
= 14 .
2
2

Since 𝑛 is an integer, then 𝑛 = 15, so Dale receives 15 bars.

Problem 25
Answer:

(D)

Note that the grid is a 5 by 5 grid of squares and each square has side length 10 units, then the
whole grid is 50 by 50.
Since the diameter of the coin is 8, the radius of the coin is 4.
We consider where the center of the coin lands when the coin is tossed, since the location of the
center determines the position of the coin.
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Since the coin lands so that no part of it is off of the grid, then the center of the coin must land at
least 4 away from each of the outer edges of the grid. This means that the center of the coin lands
anywhere in the region extending from 4 from the left edge to 4 from the right edge (a length of
50 − 4 − 4 = 42) and from 4 from the top edge to 4 to the bottom edge (a width of 50 − 4 −
4 = 42). Thus, the center of the coin must land in a square that is 42 by 42 in order to land so

that no part of the coin is off the grid.

Therefore, the total admissible area in which the center can land is
42 × 42.

Consider one of the 25 squares. For the coin to lie completely inside the square, its center must
land at least 4 from each edge of the square.
As demonstrated above, it must land in a region of length
10 − 4 − 4 = 2

and of width

10 − 4 − 4 = 2.

There are 25 possible such regions (one for each square) so the area in which the center of the
coin can land to create a winning position is
25 × 2 × 2.

Thus, the probability that the coin lands in a winning position is equal to the area of the region
in which the center lands giving a winning position, divided by the area of the region in which
the coin may land, or
25
25
25 × 2 × 2
=
=
.
21 × 21 441
42 × 42

These problems are copyright

Ivy League Education Center

(https://ivyleaguecenter.wordpress.com/)
https://ivyleaguecenter.wordpress.com/
Tel: 301-922-9508
Email: chiefmathtutor@gmail.com

Copyrighted Material
Page 27

